In this paper, a new group sampling plan for the lot acceptance is proposed for the time truncated life test, which can be utilized when multi-item testers are implemented. The design parameters are found using the two-point approach such that the producer's and consumer's risks are satisfied simultaneously at the acceptable reliability level and the lot tolerance reliability level, respectively. The case of Weibull distribution is described to illustrate the procedure that can be used when the quality level is expressed by a multiple of the specified life. The advantage of the proposed plan is demonstrated by comparing with the existing plan in terms of the sample size required. The tables are constructed and some examples are given to illustrate the procedure developed here.
Introduction
Acceptance sampling plan is an inspecting procedure in statistical quality control and is used to make a decision on the submitted lot through random samples. Variables or attributes single sampling plans are widely used for these purposes. Variables sampling plans are in general more informative but they are quite limited in use to particular life distributions. On the other hand, attributes sampling plans can be developed for various distributions.
Attributes single sampling plans have been proposed for a variety of life distributions by many authors. See for an example, Goode and Kao (1961) for Weibull distribution, Gupta and Groll (1961) for gamma distributions, Gupta (1962) for normal and log-normal distributions, Tsai and Wu (2006) for a generalized Rayleigh distribution, Kantam et al. (2001) for the log-logistic distribution, and Balakrishnan et al. (2007) for a generalized Birnbaum-Saunders distribution.
In a single sampling plan items are tested one by one, but testers are available in practice, which are used to test several items simultaneously. The single and double group sampling plans for the sudden life testing are introduced by Jun et al. (2006) for the Weibull distribution. Recently, the group sampling plan for the truncated life test is proposed by Aslam and Jun (2009a) for the inverse Rayleigh and log-logistic distributions. Aslam and Jun (2009b) proposed the group sampling plan for the Weibull distribution by considering the producer's and consumer's risks at the same time. The group sampling plan is considered as more efficient than the single sampling plan in terms of cost and time to reach the final decision about the submitted lot.
The purpose of this paper is to propose an improved group sampling plan in terms of the sample size. We use the two-point approach when designing the proposed plan. Two cases are considered, one of which is the case where the acceptable reliability level and the lot tolerance reliability level are expressed by the unreliability and the other is the case where the quality levels are expressed by the mean ratio to the specified life under Weibull distribution. The rest of the paper is organized as follows: The proposed group sampling plan is given in Section 2. The designing of the proposed plan is described and tables are constructed in Section 3. In Section 4, some concluding remarks are given.
An Improved Group Sampling Plan
The acceptance criterion in the existing group sampling plan as in Aslam and Jun (2009a) requires that the number of failures should be smaller than or equal to a specified number (c, say) from each group. We would like to relax the requirement to allow more failures in some groups. The test procedure under the proposed group sampling plan having the group size of r is as follows:
(1) Select the number of groups g and allocate predefined r items to each group so that the sample size for a lot will be n = gr.
(2) Select the acceptance number c (c ≤ r) for a group and the experiment time t 0 .
(3) Perform the experiment for the g groups simultaneously and record the number of failures for each group.
(4) Accept the lot if the number of failures is smaller than or equal to c from at least k groups (k ≤ g). Otherwise, truncate the experiment and reject the lot.
The proposed plan has three design parameters g, k and c, when the experiment time t 0 is fixed. If k = g, the proposed plan reduces to the one in Jun (2009a, 2009b) . The lot acceptance probability under the above group sampling plan is given by
where Q is the probability that c or smaller failures are observed in a group:
Here, p is the probability that an item fails by time t 0 , which is given by
when F is the cumulative distribution function of the life of an item.
Design of the Proposed Plan
The usual approach to designing the plan parameters is two-point method, which utilizes the two points on the operating characteristic(OC) curve. As in Fertig and Mann (1980) , the probability of acceptance should be greater than 1 − α (α is called producer's risk) at the acceptable reliability level(ARL), p 0 say, and the probability of acceptance should be smaller than β (this is called consumer's risk) at the lot tolerance reliability level(LTRL), p 1 say. The quality level of a lot can be represented by the true mean if the underlying life distribution is specified. In this case, the ARL or the LTRL is expressed by a multiple of the specified life. In Section 3.1 we will determine the plan parameters when the ARL and the LTRL are specified directly in terms of unreliability. In Section 3.2, Weibull distribution is considered and the proposed plan parameters will be determined when the ARL and the LTRL are specified as multiples of the specified life.
Design parameters indexed by ARL and LTRL as unreliability
Although the unreliability is obtained by the underlying life distribution, the plan parameters can be determined independently of the underlying life distribution if the ARL p 0 and the LTRL p 1 are directly specified as unreliability. According to the statement for the two-point approach, the plan parameters (g, k, c) should satisfy the following two inequalities:
where Q 0 and Q 1 are the values of Q in (2.2) corresponding to the specified ARL p 0 and LTRL p 1 , respectively. Table 1 shows the design parameters when the different combinations of ARL and LRL are specified. Two cases of the group size are considered (r = 5 and r = 10). It is assumed that the consumer's risk is 10 percent and the producer's risk is 5 percent. In this table, lot acceptance probability L(p 0 ) and the sample size required were also reported.
It is observed that the number of groups and the sample size decrease rapidly as the LTRL increases. It is interesting to see that k was determined by g − 1 or g for all cases considered. When comparing the case of r = 5 and the case of r = 10, the case of r = 5 leads to larger sample size if the ratio of p 1 /p 0 is relatively small but to smaller sample size if the ratio is relatively large. So, there may exist another decision problem when there are alternatives in group size.
Example 1. Suppose that a manufacturer wants to adopt the proposed group sampling plan when making a decision of accepting or rejecting the submitted lots of his products. Multi-item testers with group size of 5 are used for the test. They would like to keep the consumer's risk below 10 percent if the unreliability is 0.1, whereas the producer's risk should be less than 5 percent when the unreliability is as low as 0.005. It is seen from Table 1 that (g, k, c) = (8, 7, 0) for the proposed group sampling plan, which is implemented as follows: Take a sample of 40 items from a lot and allocate 5 items to 8 groups. Accept the lot if there are no failures in 7 out of 8 groups and reject, otherwise.
In order to demonstrate the advantage of the proposed group sampling plan over the existing group sampling plan, the sample size to be required can be compared. Table 2 compares the sample size for the proposed plan with the existing group sampling plan in Aslam and Jun (2009b) .
It can be seen from Table 2 , the proposed plan needs smaller number of sample size than in the existing plan for same values of ARL and LTRL. Particularly for p 0 = 0.001, the reduction in the sample size by the proposed plan is quite tremendous. The sample size for the ordinary acceptance sampling plan (the case of r = 1) is also placed in Table 2 at the same values of p 0 and p 1 for the reference. However, it should not be compared with the proposed group sampling plan in terms of the sample size because the group size(r) is not a decision variable
Design parameters for a Weibull distribution
Sometimes, it may be more convenient to express the quality level in terms of the true mean rather than the reliability. This is the case particularly when the true life is to be compared with the specified life. For this purpose, however, the underlying life distribution should be known. This section illustrates how the proposed group sampling plan can be designed for the Weibull distribution when the ARL and the LTRL are expressed as multiples of the specified life.
Suppose that the lifetime of a product follows the Weibull distribution with known shape parameter. The cumulative distribution function of Weibull distribution with shape parameter m and scale parameter λ is given by
The mean life of the Weibull distributed items is given as Then, the unreliability at time t 0 can be obtained from (2.3) by
where
Suppose that there exists the specified life µ 0 of interest, beyond which the quality is desirable. Now, The quality level of a product can be expressed in terms of the mean ratio, µ/µ 0 . It would be convenient to specify the termination time t 0 as a multiple of the specified life µ 0 . That is, we will consider t 0 = aµ 0 for a constant a. Then, the unreliability in (3.4) reduces to
If r 0 is the ARL as mean ratio at the producer's risk and r 1 is the LTRL at the consumer's risk, then design parameters should be obtained by satisfying the following two inequalities:
We will consider r 1 = 1 because the acceptance of a lot should indicate the true mean life greater than the specified life at the risk of β. We will consider various ratios for r 0 . Table 3 shows the design parameter for the proposed group sampling plan with r = 5 under the Weibull distribution having the shape parameter of 2 when the producer's risk is 5 percent. Two test 
The upward arrow(↑) indicates that the same value of the parameter as in the upward cell applies to the corresponding cell. Table 5 : Proposed plan for Weibull distribution with m = 3 when r = 5 
The upward arrow(↑) indicates that the same value of the parameter as in the upward cell applies to the corresponding cell.
termination times are considered (a = 0.5 and a = 1.0). The sample size and the lot acceptance probability at the producer's risk were also included in this table. Table 4 is the similar table under Weibull distribution with m = 2 for the proposed plan with r = 10. Other table setting is same as in Table 3 . Table 5 and Table 6 are under Weibull distribution with m = 3 for r = 5 and r = 10, respectively.
From these tables it is clear that (1) as mean ratio is increased for fixed values of r, m and a, we noted the decreasing trends in parameters, probability of acceptance and the ASN. The ASN is decreased when the experiment time is increased from 0.5 to 1.0 keeping other values at same (2) for the same values m and a, as r is increased from 5 to 10, the ASN is as well as design parameter decreased. Finally, for the same values of a and r, as the shape parameter is increased, we observed Table 6 : Proposed plan for Weibull distribution with m = 3 when r = 10 
The upward arrow(↑) indicates that the same value of the parameter as in the upward cell applies to the corresponding cell. the decreasing trend in design parameters values as well as ASN but increasing trend in probability of acceptance.
Example 2. Suppose that a manufacturer wants to use the proposed group sampling plan for the inspection of incoming lots of energy saver bulbs. Multi-item tests with group size of 10 will be used. Suppose also that the life of this product follows a Weibull distribution with shape parameter of 2. It is known that the specified life of interest is 10,000 hours. The test time was specified as 5,000 hours. It is required that the consumer's risk is 10 percent if the true mean life is 10,000 and the producer's risk is 5 percent if the true mean is 40,000. As a = 0.5, β = 0.1 and r 2 = 4, it is found from Table 4 that (g, k, c) = (3, 2, 0). So, a sample of 30 items is drawn and allocated to 3 groups. If there are no failures from at least 2 groups out of 3, then the lot will be accepted.
In order to demonstrate the advantage of the proposed group sampling plan over the existing group sampling plan, the sample size required can be compared with each other. Table 7 compares the sample size for the proposed plan with the existing group sampling plan in Aslam and Jun (2009b) when the lifetime follows the Weibull distribution with shape value of 2.
It can be seen from Table 7 , the proposed plan needs smaller number of sample size than in the existing plan for the same values of shape parameter, number of testers, experiment time and the mean ratio.
Concluding Remarks
It was demonstrated that the proposed group sampling plan reduces the sample size required as compared to the existing plan by modifying the acceptance criteria. The design parameters can be determined independently of the underlying life distribution if the ARL and the LTRL are specified as unreliabilities. However, if the ARL or the LTRL should be specified as the true mean life or the mean ratio to the specified life, the underlying life distribution should be also given. Weibull distribution was considered as an example in this study, but some other various life distributions can be easily implemented similarly. There may be needed a further study of developing more efficient group sampling plans to reduce the sample size required.
